A THEORETICAL OVERVIEW OF KRYLOV SUBSPACE METHODS

RÜDIGER WEISS RECHENZENTRUM DER UNIVERSITÄT KARLSRUHE POSTFACH 6980 D-76128 KARLSRUHE GERMANY E-MAIL: WEISS@RZ.UNI-KARLSRUHE.DE

Abstract. We survey Krylov subspace methods for the solution of linear systems with focus on commonly used and recently developed methods. The approach is theoretical and complementary to the engineering-based first article of this special issue. In particular convergence results are derived from a general theoretical framework, compiled and analyzed.

1. Background.

The purpose of this paper is to survey properties of commonly used and recently developed iterative methods for the solution of the linear system Ax = b. (1) The matrix A is a real square matrix of dimension n, i. e. A ∈ IR^{n×n}, and x, b ∈ IR^n. In general the matrix A is nonsymmetric and not positive definite.

There are many survey articles and books for modern iterative solvers. We confine us to name only a few recently published articles. An overview of generalized CG methods is given by Freund, Golub and Nachtigal [20]. Ashby, Manteuffel and Saylor [1] deliver a taxonomy. Many methods are analyzed by Barret, Berry, Chan, Demmel, Donato, Dongarra, Eijkhout, Pozo, Romine and van der Vorst. Their book is called templates [4] because they give recipes when a particular solver should be used. We also refer to the work of Axelsson [2], Gutknecht [28] and Joubert and Manteuffel in [33]. Meier Yang examines many methods in connection with incomplete LU preconditioning [36]. Historical overviews give Young [60] and Golub and O’Leary [24].

2. Iterative Methods.

We focus on parameter-free methods for practical applications, i. e. methods where no parameters depending on the inner properties of the matrix have to be estimated apriori. We give a definition that includes most of the modern iterative methods. In particular generalized CG methods [1, 3, 14, 15, 20, 27, 30, 31, 48, 53], error-minimizing methods [23, 54], conjugate Krylov subspace methods [55] and the (k,l)-step methods introduced by Gutknecht [26] fit into this class.

We use the following notations: A real matrix Z is called positive if the symmetric part is positive definite. Let Z be a positive real matrix, then the norm ‖y‖_Z of any vector y ∈ IR^n is defined by ‖y‖_Z = √ y^T Zy. If Z is not positive real, then ‖y‖^2_Z is a mnemonic abbreviation for y^T Zy. ‖y‖ is the Euclidean norm.

Definition 2.1. Let x_0 be any initial guess and r_0 = Ax_0 − b the starting residual. The following recurrence is called an orthogonalization method. For k ≥ 1 let x_k ∈ x̃_k + span(q_{k−σk,k}, . . . , q_{k−1,k}) (2) with q_{k−i,k} ∈ IR^n and x̃_k ∈ span(x_{k−σk} , . . . , x_{k−1}). Calculate the approximations so that the orthogonality condition r^T_k Z_kq_{k−i,k} = 0 (3) is satisfied for i = 1, . . . , σ_k. Z_k are auxiliary, non-singular matrices. The method is called

• exact if σ_k = k, i. e. k q_{k−i,k} are used for the calculation of the new iterate, • restarted if σ_k = (k − 1) mod σ_{res} + 1, i. e. a restart is made periodically after σ_{res} steps, • truncated if σ_k = min(k, σ_{max}) with σ_{max} fixed, i. e. only σ_{max} q_{k−i,k} are used for the calculation of the new iterate, • combined if the truncated method is restarted, i. e. σ_k = min ((k − 1) mod σ_{res} + 1, σ_{max}). Let us introduce the abbreviations: r̃_k = Ax̃_k − b, (4) ẽ_k = x̃_k − x. (5) It is quite clear that the approximations can be represented as

x_k = σ_k∑

i=1 γ_{i,k}q_{k−i,k} + x̃_k. (6) The residuals and errors can be expressed as follows

r_k = σ_k∑

i=1 γ_{i,k}Aq_{k−i,k} + r̃_k, (7)

e_k = σ_k∑

i=1 γ_{i,k}q_{k−i,k} + ẽ_k. (8) From (7) and (3) follows directly that the γ_{i,k} can be determined from the solution of the linear system of dimension σ_k σ_k∑

i=1 γ_{i,k}q^T_{k−i,k}A^T Z_kq_{k−j,k} = −r̃^T_k Z_kq_{k−j,k}, (9) for j = 1, . . . , σ_k.

As the choice of the q_{k−i,k} is arbitrary the definition covers in fact many of the commonly used iterative methods. The methods distinguish by q_{k−i,k}, Z_k, σ_k and x̃_k and can be easily classified by indicating these quantities. Note that Z_k is not unique. If Z_k fulfils (3), then any Z̃_k fulfils (3) as well, where r_k is in the kernel of (Z̃_k − Z_k )^T . Despite the generality of the definition the following convergence result [56] can be proven.

Theorem 2.2. If Z_kA^{−1} is positive real, i. e. the symmetric part of Z_kA^{−1} is positive definite, then ‖r_k‖_{ZkA}−1 ≤ √ 1 + ρ^2(R) μ_m(M )^2 min η1,...,η_{σk} ‖ ‖ ‖ ‖ σ_k∑

i=1 η_iAq_{k−i,k} + r̃_k ‖ ‖ ‖ ‖ Z_kA^−1 , (10)

‖e_k‖_AT_{Zk} ≤ √ 1 + ρ^2(R) μ_m(M )^2 min η1,...,η_{σk} ‖ ‖ ‖ ‖ ‖ σ_k∑

i=1 η_iq_{k−i,k} + ẽ_k ‖ ‖ ‖ ‖ ‖_{AT Zk} (11) holds for orthogonalization methods. ρ(R) is the spectral radius of the skew-symmetric part R of Z_kA^{−1}. μ_m(M ) is the minimum eigenvalue of M , the symmetric part of Z_kA^{−1}. In particular if Z_kA^{−1} is symmetric, then ‖r_k‖_{ZkA}−1 = min_{η1,...,ησk} ‖ ‖ ‖ ‖ ‖ σ_k∑

i=1 η_iAq_{k−i,k} + r̃_k ‖ ‖ ‖ ‖ ‖_{ZkA−1} , (12)

‖e_k‖_AT_{Zk} = min_{η1,...,ησk} ‖ ‖ ‖ ‖ ‖ σ_k∑

i=1 η_iq_{k−i,k} + ẽ_k ‖ ‖ ‖ ‖ ‖_{AT Zk} . (13)

This theorem is a generalization of the convergence results for generalized CG methods [53]. From this theorem follow the convergence investigations for conjugate Krylov subspace methods [55] and generalized minimum error methods [54]. From Theorem 2.2 follows immediately that the exact solution of the linear system is obtained at least in the iteration step n if the method is exact and the q_{k−i,k} are linear independent because the whole space is spanned and the right-hand side of (11) is zero. Thus exact methods converge theoretically. The convergence of the restarted version is not guaranteed even if Z_kA^{−1} is positive real, because the right-hand side of the inequalities does not necessarily tend to zero. The same holds for truncated versions.

The most popular orthogonalization methods are Krylov subspace methods. The reason is that they are based on matrix-vector multiplications. Krylov subspace methods are orthogonalization methods with q_{k−i,k} ∈ K_{k−i}(B, z) = span(z, Bz, . . . , B^{k−i}z) (14) and x̃_k = x_{k−σk} , (15)

where B ∈ IR^{n×n} and z ∈ IR^n. If B ≠ A, then in each iteration step two matrix-vector multiplications have to be performed, one by B to determine q_{k−i,k} and one by A to calculate the residual r_k. If B = A, then in general one matrix-vector multiplication per iteration is sufficient.

3. Conjugate Krylov subspace methods (CKS).

Conjugate Krylov subspace methods (CKS) [55] are Krylov subspace methods with B = A , (16) z = r_0 .

(17)

Thus q_{k−i,k} ∈ K_{k−i}(A, r_0) . (18)

By (16) CKS methods can be formulated so that only one matrix-vector multiplication is needed per iteration step.

It is quite obvious that

x_k ∈ x_0 + K_{k−1}(A, r_0),

(19) r_k ∈ r_0 + AK_{k−1}(A, r_0),

(20) e_k ∈ e_0 + AK_{k−1}(A, e_0).

(21)

Thus

x_k = k∑ i=1 β_{i,k}A^{i−1}r_0 + x_0 = k∑ i=1 η_{i,k}r_{i−1} + x_0 . (22)

For exact CKS methods we can consider the substitution q_{k−i,k} → r_{k−i} , (23) or q_{k−i,k} → A^{k−i}r_0 , (24)

then the condition (3) is equivalent to r^T_k Z_kr_{k−i} = 0 , (25) r^T_k Z_kA^{k−i}r_0 = 0 ,

(26)

respectively, for i = 1, . . ., k.

A similar approach was introduced by Barth and Manteuffel [6], called variable metric conjugate gradient methods. In this approach the matrices Z_k do not depend on the iteration step but on the initial guess.

Generalized conjugate gradient (CG) methods are the subset of CKS methods with Z_k = Z = const. (27)

The method of steepest descent [49] and the classical CG method [30] are the origin of generalized CG methods. These two methods are suited for matrices that are diagonally dominant or symmetric and positive definite. Of course the methods can also be applied to other systems, but the convergence is not guaranteed or may be very slow. Starting from the 1970s the classical CG method has been generalized in order to obtain convergence techniques for non-symmetric and non-positive definite systems. A whole family of methods results from this generalization; see e. g. [3, 15, 20, 27, 30, 48]. For practical problems it is important that generalized CG methods can be formulated with a short recurrence if A^T Z = ZA. (28)

3.1. The Lanczos connection.

In 1950, Lanczos introduced a method for the successive transformation of a given matrix to a tridiagonal matrix [34]. The purpose was to calculate the eigenvalues by a successive procedure. This algorithm was reformulated by Lanczos himself [35] and later by Fletcher [16] for the solution of linear systems. If we apply the nonsymmetric Lanczos process to the Krylov spaces generated by A applied to r_0 and A^T applied to r^∗_0, then the algorithm constructs the two vector sequences v_k and w_k with span(v_0, . . . , v_k) = K_k(A, r_0), (29) span(w_0, . . ., w_k) = K_k(A^T , r^∗_0), (30) and w^T_i v_j = { 0 for i ≠ j d_i for i = j (31) for i, j = 0, . . . , k. If we start with v̄_0 = r_0, w̄_0 = r^∗_0, v_0 =^{v̄0}_{η0} , w_0 =^{w̄0}_{μ0} , then the vectors can be calculated by a 3-term recurrence for k ≥ 2 v̄_k = Av_{k−1} − α_kv_{k−1} − β_kv_{k−2}, (32) w̄_k = A^T w_{k−1} − α_kw_{k−1} − γ_kw_{k−2}, (33) v_k = 1 η_k v̄_k, (34)

w_k = 1 μ_k w̄_k. (35)

For k = 1 use the same formulas but omit the terms with β_1 and γ_1. Here the coefficients are determined from (31)

α_k = w^T_{k−1}Av_{k−1} w^T_{k−1}v_{k−1} , (36)

β_k = w^T_{k−2}Av_{k−1} w^T_{k−2}v_{k−2} , (37)

γ_k = v^T_{k−2}A^T w_{k−1} v^T_{k−2}w_{k−2} . (38)

η_k and μ_k can still be freely chosen resulting in different scalings of the vectors v_k and w_k. In general

η_k = 1 ‖v̄_k‖ , (39)

resulting in ‖v_k‖ = 1. (40)

The algorithms break down if w̄^T_k v̄_k = 0 because then a division by zero occurs in (34), (35), (36), (37) or (38), depending on the choice of η_k and μ_k. Remedies to avoid breakdowns were proposed by Parlett, Taylor and Liu [38]. They are based on so called look-ahead strategies. These strategies were investigated by Gutknecht [27], Brezinski, Redivo-Zaglia and Sadok [7, 8, 9], by Freund, Gutknecht and Nachtigal [21] and by many others, see also [58].

If A is symmetric, then the two sequences v_k and w_k coincide for r^∗_0 = r_0, resulting in the symmetric Lanczos process that requires the half of operations and storage. It is equivalent to the Arnoldi process.

Let us introduce the matrices V_k = (v_0, . . . , v_k) ∈ IR^{n×(k+1)}, (41) W_k = (w_0, . . . , w_k) ∈ IR^{n×(k+1)}, (42) and the tridiagonal Hessenberg matrices H_k, H̃_k ∈ IR^{(k+2)×(k+1)}:

H_k = α_1 β_2 0 . . . . . . . . . 0

η_1 α_2 β_3 0 . . 0 . . . .. . .. . .. . . . . . . . . .. . .. . .. . .. . . . . . 0 η_{k−2} α_{k−1} β_k 0 . . 0 η_{k−1} α_k β_{k+1} . . 0 η_k α_{k+1} 0 . . . . . . . . . . . . 0 η_{k+1}

, (43)

H̃_k = α_1 γ_2 0 . . . . . . . . . 0

μ_1 α_2 γ_3 0 . . 0 . . . .. . .. . .. . . . . . . . . .. . .. . .. . .. . . . . . 0 μ_{k−2} α_{k−1} γ_k 0 . . 0 μ_{k−1} α_k γ_{k+1} . . 0 μ_k α_{k+1} 0 . . . . . . . . . . . . 0 μ_{k+1}

. (44)

The equations (32) - (35) can be reformulated as

AV_k = V_{k+1}H_k,

(45)

A^T W_k = W_{k+1}H̃_k.

(46)

Equation (31) is equivalent to

W^T_k V_k = D_k,

(47)

where D_k = diag(d_0, . . . , d_k). (48)

We obtain by (40) ‖V_k‖ ≤ √ k + 1. (49)

From (19) - (21) follows for any CKS that

x_k = x_0 + V_{k−1}z̄_k,

(50)

r_k = r_0 + AV_{k−1}z̄_k = r_0 + V_kH_{k−1}z̄_k = V_k(η_0ū^{k+1}_1 + H_{k−1}z̄_k),

(51)

e_k = e_0 + AV_{k−1}z̄_k = e_0 + V_kH_{k−1}z̄_k,

(52)

where z̄ ∈ IR^k and ū^{k+1}_1 is the first unit vector in IR^{k+1}. Note that for i = 0, . . . , k r_{k−i} = r_0 + AV_{k−i−1}z̄_{k−i} = V_{k−i}(η_0ū^{k+1−i}_1 + H_{k−i−1}z̄_{k−i}) = r_0 + AV_{k−1}z_{k−i} = V_k(η_0u_1 + H_{k−1}z_{k−i})

(53) where z_{k−i} = (z̄^T_{k−i}, 0, . . ., 0)^T ∈ IR^k and u_1 = ū^{k+1}_1 is the first unit vector in IR^{k+1}. Thus the orthogonality relation (25) is transformed for exact CKS’s to

(η_0u_1 + H_{k−1}z_k)^T V^T_k Z_kV_k(η_0u_1 + H_{k−1}z_{k−i}) = 0

(54)

for i = 1, . . . , k. The components of z_k can be calculated by the solution of the linear system (54). As the vectors w_k are not needed explicitely for the calculation of x_k and r_k they are called shadow vectors.

Similarly to the above described orthogonal Lanczos process we introduce the conjugate Lanczos process. This algorithm constructs two vector sequences spanning the spaces in (29) and (30) with

[W^∗_k ]^T AV^∗_k = D^∗_k,

(55)

where V^∗_k and W^∗_k are defined accordingly to (41) and (42) and D^∗_k is a diagonal matrix. We can introduce similarly to the orthogonal Lanczos process the tridiagonal Hessenberg matrices H^∗_k , H̃^∗_k and we obtain (45) and (46) for these ∗-quantities. Moreover, we can express the iterates, residuals and errors as in (50), (51) and (52) by using V^∗_k instead of V_k and H^∗_k instead of H_k.

For exact CKS methods we can consider the substitution q_{k−i,k} → v_{k−i} , (56) or q_{k−i,k} → v^∗_{k−i} , (57)

then the condition (3) is equivalent to r^T_k Z_kv_{k−i} = 0 , (58) r^T_k Z_kv^∗_{k−i} = 0 , (59)

respectively, for i = 1, . . ., k.

3.2. Convergence Properties.

The convergence behavior of CKS methods can be investigated by applying Theorem 2.2, see also [53]. Simply substitute Aq_{k−i,k} by A^ir_0 and r̃_k by r_0 in (10) and (12), q_{k−i,k} by A^ie_0 and ẽ_k by e_0 in (11) and (13). CKS methods describe CG methods as special case, where Z_k = Z = const. Thus the analysis is also valid for generalized CG. The convergenge behavior can be estimated more specificly.

Theorem 3.1. Let Z_kA^{−1} be positive real, ρ(R) be the spectral radius of the skew-symmetric part R of Z_kA^{−1}. Let μ_m(M ) be the minimum eigenvalue of M, the symmetric part of Z_kA^{−1}. Let S be the square root of M and T the square root of the symmetric part of A^T Z_k, κ(S), κ(T ) their condition numbers, then the following inequalities are satisfied for exact CKS methods. ||r_k|| ≤ √ 1 + ρ^2(R) μ^2_m(M ) κ(S) min_{θ1,...,θk} || k∑ i=1 θ_iA^i + I|| ||r_0||, (60)

||e_k|| ≤ √ 1 + ρ^2(R) μ^2_m(M ) κ(T ) min_{θ1,...,θk} || k∑ i=1 θ_iA^i + I|| ||e_0||. (61)

Let J be the Jordan canonical form of A, i. e. A = C^{−1}JC with a non-singular C, then ||r_k|| ≤ √ 1 + ρ^2(R) μ^2_m(M ) κ(C) κ(S) min_{θ1,...,θk} || k∑ i=1 θ_iJ^i + I|| ||r_0||, (62)

||e_k|| ≤ √ 1 + ρ^2(R) μ^2_m(M ) κ(C) κ(T ) min_{θ1,...,θk} || k∑ i=1 θ_iJ^i + I|| ||e_0||, (63)

where κ(C) is the condition number of C. If A is similar to the diagonal matrix D, i. e. A = C^{−1}DC with a non-singular C, then ||r_k|| ≤ √ 1 + ρ^2(R) μ^2_m(M ) κ(C) κ(S) min_{θ1,...,θk} max_λ | k∑ i=1 θ_iλ^i + 1| ||r_0||, (64)

||e_k|| ≤ √ 1 + ρ^2(R) μ^2_m(A) κ(C) κ(T ) min_{θ1,...,θk} max_λ | k∑ i=1 θ_iλ^i + 1| ||e_0||, (65)

where λ is an eigenvalue of A. If A is normal, then ||r_k|| ≤ √ 1 + ρ^2(R) μ^2_m(M ) κ(S) min θ1,...,θ_k max_λ | k∑ i=1 θ_iλ^i + 1| ||r_0||, (66)

||e_k|| ≤ √ 1 + ρ^2(R) μ^2_m(M ) κ(T ) min_{θ1,...,θk} max_λ | k∑ i=1 θ_iλ^i + 1| ||e_0||. (67)

Proof. See for example [53] and [55]. 2 From theorem 3.1 follows directly that for normal matrices , i. e. AA^T = A^T A, with a small symmetric part and a small condition number of S, the convergence is depending on the eigenvalue distribution of A. For clustered eigenvalues the convergence is fast, while for scattered eigenvalues the convergence may be very slow. There are more detailed investigations of the convergence for generalized CG methods, i. e. for methods with Z_k = Z = const based on the eigenvalue distribution, see [2]. For nonnormal matrices the factor √ 1 + ρ^2(R) μ^2_m(M ) κ(C) κ(S) may be so large that even for a fast decrease of the norms in (60) or (61), respectively, the upper bound is as large as ‖r_0‖ or ‖e_0‖ until the iteration step n. There is an excellent investigation by Greenbaum and Strakoš [25] showing that arbitrary eigenvalue distributions of A can generate any convergence behavior of GMRES. Thus for nonnormal matrices the convergence does not depend exclusively on the eigenvalues.

We can apply theorem 2.2 to CKS methods by using the representation of the Lanczos process.

Corollary 3.2. If Z_kA^{−1} is positive real, then ||r_k||_{ZkA}−1 ≤ √ 1 + ρ^2(R) μ^2_m(M ) min z_k∈IR^k ‖r_0 + AV^′_{k−1}z_k‖_{ZkA}−1 , (68)

||e_k||_AT_{Zk} ≤ √ 1 + ρ^2(R) μ^2_m(M ) min z_k∈IR^k ‖e_0 + V^′_{k−1}z_k‖_AT_{Zk}

(69) holds for exact CKS methods. ρ(R) is the spectral radius of the skew-symmetric part R of Z_kA^{−1}. μ_m is the minimum eigenvalue of M, the symmetric part of Z_kA^{−1}. V^′_{k−1} is the matrix of the orthogonal Lanczos vectors (41), i. e. V^′_{k−1} = V_{k−1} or conjugate Lanczos vectors, i. e. V^′_{k−1} = V^∗_{k−1}.

In particular if Z_kA^{−1} is symmetric, then ||r_k||_{ZkA}−1 = min_{zk∈IRk} ‖r_0 + AV^′_{k−1}z_k‖_{ZkA}−1 , (70) ||e_k||_AT_{Zk} = min_{zk∈IRk} ‖e_0 + V^′_{k−1}z_k‖_AT_{Zk} . (71)

Proof. Apply Theorem 2.2 to CKS methods using (56) or (57). 2 3.3. Special CKS methods.

In this section we will survey commonly used methods and derive the special convergence properties by applying Theorems 2.2 and 3.1 and Corollary 3.2. In addition we refer recently obtained convergence estimates.

3.3.1. Biconjugate Gradient-Based Methods.

BCG. The biconjugate gradients (BCG) are based on the Lanczos algorithm [16, 34]. BCG can be considered as CG method applied to a double system. This approach will be discussed later. Here we consider BCG as exact method using Z = W^∗[D^∗]^{−T} Ω^T Ω[D^∗]^{−1}[W^∗]^T A,

(72) where W^∗ = W^∗_{n−1} ∈ IR^{n×n} is the matrix consisting of the shadow vectors and D^∗ = D^∗_{n−1} ∈ IR^{n×n} is the diagonal matrix generated by the conjugate Lanczos process. Ω = diag(ω_0, . . . , ω_{n−1}) ∈ IR^{n×n} is an arbitrary diagonal matrix. This viewpoint was introduced by Barth and Manteuffel [6]. As ZA^{−1} is symmetric the following minimization properties can be derived from theorem 3.1.

‖r_k‖ ≤ κ(Ω[D^∗]^{−1}[W^∗]^T ) min_{β1 ,..,βk} ‖ k∑ i=1 β_iA^ir_0 + r_0‖,

(73)

‖e_k‖ ≤ κ(Ω[D^∗]^{−1}[W^∗]^T A) min_{β1 ,..,βk} ‖ k∑ i=1 β_iA^ie_0 + e_0‖.

(74)

These results were also obtained by Barth and Manteuffel [6]. We can estimate the condition numbers because Ω[D^∗]^{−1}[W^∗]^T AV^∗_{n−1}Ω^{−1} = I by (55). κ(Ω[D^∗]^{−1}[W^∗]^T ) = κ(AV^∗_{n−1}Ω^{−1}) ≤ κ(A)κ(V^∗_{n−1})κ(Ω),

(75) κ(Ω[D^∗]^{−1}[W^∗]^T A) = κ(V^∗_{n−1}Ω^{−1}) ≤ κ(V^∗_{n−1})κ(Ω).

(76) Finally, if we choose Ω = I such that κ(Ω) = 1, then ‖r_k‖ ≤ κ(A) κ(V^∗_{n−1}) min_{β1 ,..,βk} ‖ k∑ i=1 β_iA^ir_0 + r_0‖,

(77)

‖e_k‖ ≤ κ(V^∗_{n−1}) min_{β1 ,..,βk} ‖ k∑ i=1 β_iA^ie_0 + e_0‖.

(78) 41

Let us write the BCG residual in terms of the conjugate Lanczos process, where O_j is the zero vector in IR^j ,

r_k = r_0 + AV^∗_{n−1} ( z_k O_{n−k} ) , (79)

then we get by Corollary 3.2

‖r_k‖^2_W ∗_{[D}∗_]−T_ΩT_{Ω[D}∗_]−1_{[W} ∗_]T

= min z_k∈IR^k ‖ ‖ ‖ ‖r^0 + AV^∗n−1 ( z_k O_{n−k} )‖ ‖ ‖ 2 W^∗ [D^∗]^{−T} Ω^T Ω[D^∗]^−1[W^∗ ]^T

= min z_k∈IR^k ‖ ‖ ‖ ‖Ω[D^∗]^{−1}[W^∗]^T ( r_0 + AV^∗_{n−1} ( z_k O_{n−k} ))‖ ‖ ‖ 2

= min z_k∈IR^k ‖ ‖ ‖ ‖Ω[D^∗]^{−1}[W^∗]^T r^0 + Ω ( z_k O_{n−k} )‖ ‖ ‖ 2

by (55)

= ‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖

O_k ω_kd^{−1}_k [w^∗_k]^T r_0 . . ω_{n−1}d^{−1}_{n−1}[w^∗_{n−1}]^T r_0

‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖

2

= n−1∑ i=k (ω_id^{−1}_i [w^∗_i ]^T r_0)^2.

BCG produces component by component zeros in the vector Ω[D^∗]^{−1}[W^∗]^T r_0. This result is of its own interest.

The algorithm can be formulated with a short recurrence. To show this the formulation of BCG with the double system is quite more elegant. Let us consider the system Âx̂ = b̂, (80)

where

Â = ( A 0 0 A^T ) , x̂ = ( x x^∗ ) , b̂ = ( b b^∗ ) . (81)

b^∗ is arbitrary. The residuals have the form

r̂_k = ( r_k r^∗_k ) = ( A 0 0 A^T ) ( x_k x^∗_k ) − ( b b^∗ ) = ( Ax_k − b A^T x^∗_k − b^∗ ) . (82)

The errors are

ê_k = ( e_k e^∗_k ) = ( x_k − x x^∗_k − x^∗ ) . (83)

Choose

Z = Z_B = ( 0 I I 0 ) . (84)

BCG can be formulated with a short recurrence because

Â^T Z_B = ( A^T 0 0 A ) ( 0 I I 0 ) = ( 0 A^T A 0 )

= ( 0 I I 0 ) ( A 0 0 A^T ) = Z_BÂ

and (28) applies.

Z_BÂ^{−1} = ( 0 I I 0 ) ( A^{−1} 0 0 A^{−T} ) = ( 0 A^{−T} A^{−1} 0 )

is symmetric, but indefinite so that Theorem 3.1 cannot be applied. However, we can prove a similar result. ‖r̂_k‖^2_{ZBÂ−1} = ( r_k r^∗_k )_T ( 0 A^{−T} A^{−1} 0 )( r_k r^∗_k ) = 2(r^∗_k)^T A^{−1}r_k.

(85)

Moreover,

‖r̂_k‖^2_{ZBÂ−1} = r̂^T_k Z_BÂ^{−1}Φ_k(Â)r̂_0

for any matrix polynomial

Φ_k(Â) = k∑ i=1 β_iÂ^i + I;

see for example [55]. Let Π_k be the polynomial with r_k = Π_k(A)r_0 and r^∗_k = Π_k(A^T )r^∗_0, then ‖r̂_k‖^2_{ZBÂ−1} = ( r_k r^∗_k )_T ( 0 A^{−T} A^{−1} 0 ) ( Φ_k(A)r_0 Φ_k(A^T )r^∗_0 )

= r^T_k A^{−T} Φ_k(A^T )r^∗_0 + (r^∗_k)^T A^{−1}Φ_k(A)r_0 = r^T_0 Π_k(A^T )A^{−T} Φ_k(A^T )r^∗_0 + (r^∗_k)^T A^{−1}Φ_k(A)r_0 = r^T_0 Φ_k(A^T )A^{−T} Π_k(A^T )r^∗_0 + (r^∗_k)^T A^{−1}Φ_k(A)r_0 = (r^∗_0)^T Π_k(A)A^{−1}Φ_k(A)r_0 + (r^∗_k)^T A^{−1}Φ_k(A)r_0 = 2(r^∗_k)^T A^{−1}Φ_k(A)r_0.

Putting this result together with (85), taking moduli and choosing Φ_k accordingly finally leads to | |(r^∗_k)^T A^{−1}r_k | | = min_{Φk} | |(r^∗_k)^T A^{−1}Φ_k(A)r_0 | | , (86) | |(e^∗_k)^T Ae_k | | = min_{Φk} | |(e^∗_k)^T AΦ_k(A)e_0 | | , (87)

respectively.

The algorithm produces highly oscillating residuals. Equation (87) does not guarantee that e_k → 0. In particular | |(e^∗_k)^T Ae_k | | = 0 is possible without e_k = 0. The equations (86) and (87) can be considered as weak formulation of a minimization property. The method may break down. In this case look-ahead strategies can avoid breakdowns, see the section on the Lanczos connection. A simple method to overcome breakdowns is to restart the algorithm. This remedy is according to our experience in many practical cases sufficient.

BICO. It is known from practice that the convergence behavior of BCG in the Euclidean norm can be very erratic. In order to obtain a better behavior Schönauer applied minimal residual smoothing to BCG. This algorithm is called BICO [41].

Let r^{BCG}_k be the residual and x^{BCG}_k be the iterate resulting from BCG. Set x_0 = x^{BCG}_0 , r_0 = r^{BCG}_0 and calculate for k ≥ 1: γ_k = −

(r_{k−1})^T (r^{BCG}_k − r_{k−1}) ‖r^{BCG}_k − r_{k−1}‖^2 , x_k = x_{k−1} + γ_k(x^{BCG}_k − x_{k−1}), r_k = r_{k−1} + γ_k(r^{BCG}_k − r_{k−1}). Thus we obtain ‖r_k‖ = min_{γk} ‖r_{k−1} + γ_k(r^{BCG}_k − r_{k−1})‖, (88) ‖e_k‖_AT_A = min_{γk} ‖e_{k−1} + γ_k(e^{BCG}_k − e_{k−1})‖_AT_A.

(89) Clearly, BICO can be considered as truncated orthogonalization method with Z_k = A, σ_k = 1, q_{k−1,k} = x^{BCG}_k − x_{k−1} and x̃_k = x_{k−1}.

A direct result of the residual-minimizing smoothing , see [53], is that the BICO residual is a function of the iteration index, with a non-increasing norm, i. e. ‖r_k‖ ≤ ‖r_{k−1}‖, (90) and ‖r_k‖ ≤ ‖r^{BCG}_k ‖. (91) In [57] it is shown that ||r_k|| ≤ √ k + 1 1 √∑_k i=0 1 ||r^{BCG} i ||2 . (92)

If V_k, H_k result from the orthogonal Lanczos process, see (41) and (43), we can prove ‖r_k‖ ≤ √ k + 1 min_{zk∈IRk} ‖η_0u_1 − H_{k−1}z_k‖, (93) where u_1 is the first unit vector. The equivalence of the right-hand sides of (92) and (93) is proven in [61]. Moreover, let r^{min}_k = V_k(η_0u_1 + H_{k−1}z^{min}_k ),

(94) where z^{min}_k ∈ IR^k be such that ‖V_k(η_0u_1 + H_{k−1}z^{min}_k )‖ = min_{zk∈IRk} ‖V_k(η_0u_1 + H_{k−1}z_k)‖.

(95) Thus r^{min}_k is the residual with the smallest possible Euclidean norm in the spanned Krylov space. We obtain ‖r_k‖ ≤ √ k + 1 ‖D^{−1}_k W^T_k ‖ ‖r^{min}_k ‖, (96) because by (93) ‖r_k‖ ≤ √ k + 1 min_{zk∈IRk} ‖η_0u_1 + H_{k−1}z_k‖ ≤ √ k + 1 ‖η_0u_1 + H_{k−1}z^{min}_k ‖ = √ k + 1 ‖D^{−1}_k W^T_k V_k(η_0u_1 + H_{k−1}z^{min}_k )‖ by (47) = √ k + 1 ‖D^{−1}_k W^T_k r^{min}_k ‖ by (94) ≤ √ k + 1 ‖D^{−1}_k W^T_k ‖ ‖r^{min}_k ‖. CGS. The conjugate gradient squared method (CGS) was introduced by Sonneveld [47]. The idea is to square the BCG matrix polynomial Π_k. Thus we get

e_k = Π^2_k(A)e_0,

(97) r_k = Π^2_k(A)r_0.

(98)

If Π_k tends to zero, then a faster convergence is obtained by Π^2_k. Indeed, in many cases CGS converges twice as fast as BCG, but the convergence may be more erratic than for BCG. CGS has the additional advantage that no matrix-vector multiplication by A^T is necessary. Thus it is suited for problems, where the matrix A and, therefore, A^T are not available or where on massively parallel computers A^T cannot be easily accessed even if A is available. There are recent convergence estimates by Chan and Szeto [10] based on the BCG result, equation (73). Fokkema, Sleijpen and van der Vorst [17] give a unifying theoretical framework, called generalized CGS, that includes CGS, BiCGSTAB, BiCGSTAB(ℓ) and other methods as special cases.

BiCGSTAB. The biconjugate gradients stabilized (BiCGSTAB) were introduced by van der Vorst [50]. The idea is to substitute the squared matrix polynomial Π^2_k of CGS, see (97) and (98), by the product of the matrix polynomials Ψ_kΠ_k in order to get a smoother convergence and to stabilize the iteration. Thus we get

e_k = Ψ_k(A)Π_k(A)e_0,

(99) r_k = Ψ_k(A)Π_k(A)r_0.

(100)

Ψ_k is recursively defined by

Ψ_k(A) = (γ_kA + I)Ψ_{k−1}(A),

(101)

where γ_k is determined from a 1-dimensional minimization

‖r_k‖ = min_{γk} ‖(γ_kA + I)Ψ_{k−1}(A)Π_k(A)r_0‖.

(102)

There are recent convergence estimates by Chan and Szeto [10] based on the BCG result, equation (73). Sleijpen and van der Vorst investigated the behavior for finite precision arithmetic and proposed techniques to maintain the convergence [45].

Gutknecht [29], Sleijpen and Fokkema [44] and Sleijpen, van der Vorst and Fokkema [46] generalized BiCGSTAB so that Ψ_k is determined by an ℓ-dimensional minimization. These methods are called BiCGSTAB(ℓ).

QMR. The quasi-minimal residual method (QMR) was developed by Freund and Nachtigal [22]. It uses Z_k = W_kD^{−T}_k Ω^T_k Ω_kD^{−1}_k W^T_k A,

(103) where W_k is the matrix consisting of the shadow vectors generated by the nonsymmetric orthogonal Lanczos process, see (42), D_k is the diagonal or block diagonal matrix in (48) and Ω_k is a diagonal scaling matrix that can be freely chosen. As Z_kA^{−1} = W_kD^{−T}_k Ω^T_k Ω_kD^{−1}_k W^T_k is symmetric, the following minimization properties can be derived from theorem 2.2. ‖r_k‖_{Wk D}−T_{k Ω}T_{k ΩkD}−1_{k W} T_k (104)

= min β1 ,..,β_k ‖ k∑ i=1 β_iA^ir_0 + r_0‖_{WkD}−T_{k Ω}T_{k ΩkD}−1_{k W} T_k , ‖e_k‖_AT_{WkD}−T_{k Ω}T_{k ΩkD}−1_{k W} T_{k A} (105)

= min β1 ,..,β_k ‖ k∑ i=1 β_iA^ie_0 + e_0‖_{AT WkD}−T_{k Ω}T_{k ΩkD}−1_{k W} T_{k A}. A similar result was obtained by Barth and Manteuffel [5], who consider instead of Z_k the constant matrix Z = W_{n−1}D^{−T}_{n−1}Ω^T_{n−1}Ω_{n−1}D^{−1}_{n−1}W^T_{n−1}A that produces the same ortogonalities as Z_k. Let us write the QMR residual in terms of the Lanczos process, see equation (53), r_k = V_k(η_0u_1 + H_{k−1}z^{QMR}_k ),

(106) then equation (104) is equivalent to ‖r_k‖^2_{WkD}−T_{k ΩTk ΩkD}−1_{k W Tk} = min_{zk∈IRk} ‖V_k(η_0u_1 + H_{k−1}z_k)‖^2_{WkD}−T_{k ΩTk ΩkD}−1_{k W Tk} = min_{zk∈IRk} ‖Ω_kD^{−1}_k W^T_k V_k(η_0u_1 + H_{k−1}z_k)‖^2 = min_{zk∈IRk} ‖Ω_k(η_0u_1 + H_{k−1}z_k)‖^2 by (47). Therefore, the residual of QMR fulfils (106) with z^{QMR}_k such that ‖Ω_k(η_0u_1 + H_{k−1}z^{QMR}_k )‖ = min_{zk∈IRk} ‖Ω_k(η_0u_1 + H_{k−1}z_k)‖.

(107) Thus (104) coincides with the original approach of Freund and Nachtigal [22] who start with (107) for the definition of QMR.

We obtain the well known result from [22] ‖r_k‖ ≤ √ k + 1 ‖Ω^{−1}_k ‖ min_{zk∈IRk} ‖Ω_k(η_0u_1 + H_{k−1}z_k)‖

(108) by applying (49) ‖r_k‖ = ‖V_kΩ^{−1}_k Ω_k(η_0u_1 + H_{k−1}z^{QMR}_k )‖ ≤ ‖V_k‖ ‖Ω^{−1}_k ‖ ‖Ω_k(η_0u_1 + H_{k−1}z^{QMR}_k )‖ ≤ √ k + 1 ‖Ω^{−1}_k ‖ min_{zk∈IRk} ‖Ω_k(η_0u_1 + H_{k−1}z_k)‖.

Moreover, let

r^{min}_k = V_k(η_0u_1 + H_{k−1}z^{min}_k ),

(109)

where z^{min}_k ∈ IR^k be such that

‖V_k(η_0u_1 + H_{k−1}z^{min}_k )‖ = min_{zk∈IRk} ‖V_k(η_0u_1 + H_{k−1}z_k)‖.

(110)

Thus r^{min}_k is the residual with the smallest possible Euclidean norm in the spanned Krylov space. We obtain ‖r_k‖ ≤ √ k + 1 κ(Ω_k) ‖D^{−1}_k W^T_k ‖ ‖r^{min}_k ‖, (111)

because

‖Ω_k(η_0u_1 + H_{k−1}z^{QMR}_k )‖ = min_{zk∈IRk} ‖Ω_k(η_0u_1 + H_{k−1}z_k)‖

≤ ‖Ω_k(η_0u_1 + H_{k−1}z^{min}_k )‖ = ‖Ω_kD^{−1}_k W^T_k V_k(η_0u_1 + H_{k−1}z^{min}_k )‖ by (47) = ‖Ω_kD^{−1}_k W^T_k r^{min}_k ‖

by (109) ≤ ‖Ω_k‖ ‖D^{−1}_k W^T_k ‖ ‖r^{min}_k ‖. The statement follows by applying (108).

Zhou and Walker [61] show that quasi-residual smoothing transforms BCG into QMR: We can obtain QMR from BCG by the following technique if we omit Ω_k for simplicity. Let r^{BCG}_k be the residual and x^{BCG}_k be the iterate resulting from BCG. Set x_0 = x^{BCG}_0 , r_0 = r^{BCG}_0 , τ^2_0 = ‖r^{BCG}_k ‖^2. Calculate for k ≥ 1:

τ^2_k = 1 1 τ2_{k−}1 + 1 ||r^{BCG} k ||2 ,

γ_k = τ^2_k ||r^{BCG}_k ||^2 , x_k = x_{k−1} + γ_k(x^{BCG}_k − x_{k−1}), r_k = r_{k−1} + γ_k(r^{BCG}_k − r_{k−1}). From these equations follows [61] that

r_k = 1 ∑_k i=0 1 ||r^{BCG} i ||2 k∑ i=0 1 ||r^{BCG}_i ||^2 r^{BCG}_i . (112)

TFQMR. The transpose-free quasi-minimal residual method (TFQMR) [19] by Freund is based on CGS . The quasi-minimal residual approach is applied to an auxiliary sequence y_m resulting from CGS. Let Π_k be the BCG polynomial and let us define

t_m = { r^{CGS}_k = Π^2_k(A)r_0 if m = 2k − 1 Π_k(A)Π_{k−1}(A)r_0 if m = 2k .

(113)

Let Y_m = (y_0, . . ., y_{m−1}) ∈ IR^{n×m}, T_m = (t_0, . . . , t_{m−1}) ∈ IR^{n×m}, and let B_m ∈ IR^{(m+1)×m} be a bidiagonal matrix, then AY_m = T_{m+1}B_m.

(114) Let x_m = x_0 + Y_mz_m,

(115) then r_m = r_0 + AY_mz_m = r_0 + T_{m+1}B_mz_m = T_{m+1}(u_1 + B_mz_m).

(116) For TFQMR choose z^{T F QMR}_m such that ‖Ω_m(u_1 + B_mz^{T F QMR} m )‖ = min_{zm ∈IRm} ‖Ω_m(u_1 + B_mz_m)‖

(117)

with an arbitrary diagonal matrix Ω_m ∈ IR^{m×m} . From (117) follows directly ‖r_m‖ = ‖T_{m+1}Ω^{−1}_m Ω_m(u_1 + B_mz^{T F QMR}_m )‖

(118) ≤ ‖T_{m+1}‖ ‖Ω^{−1}_m ‖ ‖Ω_m(u_1 + B_mz^{T F QMR}_m )‖ ≤ √ m + 1 ‖Ω^{−1}_m ‖ min_{zm ∈IRm} ‖Ω_m(u_1 + B_mz_m)‖.

Zhou and Walker [61] show that quasi-residual smoothing transforms an auxiliary sequence based on CGS into TFQMR.

3.3.2. Rank-j Updates.

In this section we discuss a method proposed in [55]. A condition for obtaining short recurrences can be fulfilled by choosing Z_k = Z + D_kE^T_k

(119) as rank-j update with D_k, E_k ∈ IR^{n×j}, where the matrices D_k and E_k have special properties.

R3-CKS. The rank-3 update CKS method (R3-CKS) [55] uses Z_k = I + D_kE^T_k with D_k, E_k ∈ IR^{n×3}. We obtain by Theorem 2.2 ||r_k||_{ZkA}−1 ≤ √ 1 + ρ^2(R) μ^2_m(M ) min β1,...,β_k || k∑ i=1 β_iA^ir_0 + r_0||_{ZkA}−1 ,

(120)

||e_k||_AT_{Zk} ≤ √ 1 + ρ^2(R) μ^2_m(M ) min β1,...,β_k || k∑ i=1 β_iA^ie_0 + e_0||_AT_{Zk} .

(121)

3.3.3. Residual-Minimizing CG.

If we choose Z = A, then ZA^{−1} = I is symmetric and we obtain from Theorem 2.2 ||r_k|| = min_{β1 ,..,βk} || k∑ i=1 β_iA^ir_0 + r_0||,

(122)

||e_k||_AT_A = min_{β1 ,..,βk} || k∑ i=1 β_iA^ie_0 + e_0||_AT_A

(123)

≤ κ(A) min_{β1 ,..,βk} || k∑ i=1 β_iA^ie_0 + e_0||.

Thus for these methods the residuals are minimized in the Euclidean norm. One of the first realizations is ORTHOMIN by Vinsome [51] for symmetric positive definite matrices. Paige and Saunders proposed MINRES [37], a numerically stable implementation for symmetric matrices.

GMRES. The generalized minimal residual method (GMRES) was proposed by Saad and Schultz [40] and works for arbitrary matrices. There are various implementations of GMRES [39, 52]. The original implementation of Saad and Schultz [40] is based on the Arnoldi process including exact and restarted versions.

CGNR-ATPRES. If we apply a method with Z = I (classical CG) to the normal equations of the first kind A^T Ax = A^T b, (124)

then we get the residuals of the original system r_k from the residuals of (124) r^N_k by

r^N_k = A^T Ax_k − A^T b = A^T (Ax_k − b) = A^T r_k.

(125)

From Theorem 2.2 follows ||r^N_k ||_A−1_A−T = min_{β1 ,..,βk} || k∑ i=1 β_i ( A^T A )_i r^N_0 + r^N_0 ||_A−1_A−T ,

and from (125) we obtain for the original system ||r_k|| = min_{β1 ,..,βk} || k∑ i=1 β_i ( AA^T )_i r_0 + r_0||.

(126)

For the errors the follows ||e_k|| ≤ κ(A) min_{β1 ,..,βk} || k∑ i=1 β_i ( A^T A )_i e_0 + e_0||.

(127)

Indead, the method can be reformulated such that only the approximations and residuals of the original system are used. This method is called CGNR (CG Normal equations Residual minimizing) There are various implementations. The ATPRES (A Transposed Pseudo RESidual method) [42] implementation results from applying residual-minimizing smoothing [53] to CGNE. The validity of this transformation follows from [53].

3.3.4. Energy Norm-Minimizing CG.

If Z = I exact methods minimize the energy norm of the error by Theorem 2.2 in the following sense: ‖r_k‖_A−1 ≤ √ 1 + ρ^2(R) μ^2_m(M ) min β1 ,..,β_k ‖ k∑ i=1 β_iA^ir_0 + r_0‖_A−1 ,

(128)

‖e_k‖_A ≤ √ 1 + ρ^2(R) μ^2_m(M ) min β1 ,..,β_k ‖ k∑ i=1 β_iA^ie_0 + e_0‖_A.

(129)

If A is symmetric and positive definite, then we obtain the classical CG method [30] by Hestenes and Stiefel. As A is symmetric and therefore normal we obtain by Theorem 3.1 ||r_k|| ≤ κ(S) min_{θ1,...,θk} max_λ | k∑ i=1 θ_iλ^i + 1| ||r_0||,

||e_k|| ≤ κ(S) min_{θ1,...,θk} max_λ | k∑ i=1 θ_iλ^i + 1| ||e_0||, where S is the square root of A. By substituting the polynomial by a normalized Chebyshev polynomial we obtain the well-known estimate for classical CG: ||e_k|| ≤ 2κ(S) ( √ κ(A) − 1 √ κ(A) + 1 )_k ||e_0||, where κ(A) is the condition number of A.

Paige and Saunders proposed SYMMLQ [37], a numerical stable implementation for symmetric matrices.

ORTHORES. For positive real matrices we obtain ORTHORES (ORTHOgonal RESiduals) [59].

3.3.5. Error-Minimizing CG.

Error-minimizing CG methods can only be realized by using the normal equations. CGNE. If we apply a method with Z = I (classical CG) to the normal equations of the second kind AA^T y = b, (130)

then we get the solution of the original system x by x = A^T y. (131)

Similarly we get the errors of the original system e_k from the errors of (130) e^N_k by

e_k = x_k − x = A^T y_k − A^T y = A^T (y_k − y) = A^T e^N_k .

(132)

From Theorem 2.2 follows ||e^N_k ||_{AA}T = min_{β1 ,..,βk} || k∑ i=1 β_i ( AA^T )_i e^N_0 + e^N_0 ||_{AA}T , 50

and from (132) we obtain for the original system ||e_k|| = min_{β1 ,..,βk} || k∑ i=1 β_i ( A^T A )_i e_0 + e_0||.

(133)

Thus the method minimizes the error in the Euclidean norm and is called CGNE (CG Normal equations Error-minimizing). Reformulated to the approximations and residuals of the original system it was proposed by Craig [12]. For the residuals the following is satisfied: ||r_k|| ≤ κ(A) min_{β1 ,..,βk} || k∑ i=1 β_i(AA^T )^ir_0 + r_0||.

(134)

3.3.6. Truncated and Restarted Versions.

For exact methods the storage and computing requirements increase with the iteration step. For full matrices the storage increases for exact methods up to 2 times of the amount needed for the matrix itself. Thus for full matrices exact methods can be applied instead of preconditioning. For large and sparse systems the situation is different because the storage would increase so that even the capacity of today’s supercomputers would be exceeded in later steps. Exact methods can only be reformulated as short recurrences if special conditions are satisfied, for example: A^T Z = ZA see (28). This means for GMRES and ORTHORES that A has to be symmetric. In general truncated and restarted versions of the above mentioned methods have to be applied to solve non-symmetric problems for large and sparse systems.

PRES20. (Pseudo-RESidual method 20) [41] is a special version of smoothed ORTHORES with an optimized value of the truncation parameter σ_{min}. The sequence is restarted every σ_{res} steps from the smoothed sequence. As a result of many tests with very large and sparse matrices where a large number of σ_{max} or σ_{res} is prohibitive because of storage reasons a version with σ_{max} = 5 and σ_{res} = 20, called PRES20, has been demonstrated to be very efficient.

4. Generalized Minimum Error Methods.

Generalized minimum error methods [54] are the subset of Krylov subspace methods with B = A^T , (135) Z_k = A^{−T} = const , (136) z = A^T y_0 .

(137)

Thus q_{k−i,k} ∈ K_{k−i}(A^T , A^T y_0) . (138)

The methods can be realized without knowing Z_k = A^{−T} by introducing y_{k−i,k} ∈ K_{k−i}(A^T , y_0) (139) and by calculating the q_{k−i,k} by q_{k−i,k} = A^T y_{k−i,k}. (140)

By (135) generalized minimum error methods can be formulated so that only one matrix-vector multiplication is needed per iteration step.

It is quite obvious that

x_k = k∑ i=1 δ_{i,k} ( A^T )_i y_0 + x_0 ,

(141)

r_k = k∑ i=1 δ_{i,k}A ( A^T )_i y_0 + r_0 ,

(142)

e_k = σ_k∑

i=1 δ_{i,k} ( A^T )_i y_0 + e_0 .

(143)

If we apply Theorem 2.2 to these methods, then we obtain the error-minimizing property, see also [54].

Theorem 4.1. For exact generalized minimum error methods ||r_k||_A−T_A−1 = min_{β1,...,βk} || k∑ i=1 β_iA ( A^T )_i y_0 + r_0||_A−T_A−1 ,

(144)

||e_k|| = min_{β1,...,βk} || k∑ i=1 β_i ( A^T )_i y_0 + e_0||

(145)

is valid.

Proof. Apply Theorem 2.2 to generalized minimum error methods. 2 The optimal choice of y_0 would be y_0 = A^{−T} e_0 = A^{−T} A^{−1}r_0 because then the solution is obtained in the first step following from (145). The optimal y_0 would be the solution of the linear system

AA^T y_0 = r_0 .

(146)

The solution of (146) is a problem as difficult as the solution of the original system. A natural choice for y_0 is

y_0 = r_0 .

(147)

With this choice we get the classical algorithm of Fridman [23] if A is symmetric and positive definite. His implementaion turned out to be unstable, see [48]. A stable version was proposed by Stoer and Freund, also in [48], and by Freund [18]. Fletcher [16] showed that auxiliary iterates calculated by SYMMLQ [37] coincide mathematically with the approximations of Fridman’s algorithm. Therefore, SYMMLQ generates a stable implementation of that method as well.

GMERR proposed in [54] is the extension of error-minimizing methods for arbitrary matrices. A problem for GMERR is the controlling of the convergence because the errors decrease but they cannot be calculated. If we observe the norm of the residuals, it may oscillate heavily. Moreover, an additional matrix-vector multiplication is needed for the calculation of the residuals. Therefore, we propose to calculate the residuals only every j-th step and to apply residual-minimizing smoothing [53]. The norm of the smoothed residuals can be used for control.

Fig. 1. Relations between different BCG-based methods

original system normal equations error-minimizing GMERR CGNE energy norm-minimizing ORTHORES residual-minimizing GMRES CGNR-ATPRES

Table 1 Comparison of minimization properties for CG methods and GMERR

5. Discussion.

The BCG-based methods BCG, BICO, CGS, BiCGSTAB, QMR and TFQMR have the same origin BCG, see figure 1. Thus it is obvious that they are all closely related and it is confirmed by numerical tests, see for example the first article in this special issue. While the residuals and errors resulting from BCG and CGS oscillate heavily, all other methods produce a smoother convergence. The same convergence estimate applies for BICO, see (93) and (96), as for QMR, see (108) and (111). Numerical experiments show that the behavior of both methods is indeed very similar. The variants of BiCGSTAB are a combination of a Lanczos-based method with a residual-minimizing method, see (102). Numerical experiments indicate that BiCGSTAB takes advantage of the good properties of both. The BCG-based methods can be implemented with a short recurrence. Therefore, they have the advantage that the necessary computer resources are limited in cpu-time and storage. They have the disadvantage that they minimize the residuals and errors in norms different to the Euclidean norm.

The CG-based methods minimize the residuals or the errors in Euclidean norm or the energy norm. In table 1 the different methods are classified with respect to the particular minimization properties. These methods have the disadvantage that the length of the recurrence increases with the iteration step unless special conditions are valid. Thus they are not feasible as exact methods for large and sparse matrices because the required computer resources in cpu-time and storage exceed even the capabilities of today’s supercomputers. Note that ORTHORES and GMRES can be computed simultaneously without additional costs by smoothing, see [53], and that

GMRES minimizes the residuals in the Euclidean norm while ORTHORES minimizes the error in the energy norm. GMRES guarantees monotonicly decreasing residuals. ORTHORES may be better as regards the decrease of the error because the minimization in the energy norm may be closer to the minimization in the Euclidean norm of the error. For both methods the convergence is only guaranteed if they are used as exact methods. Truncated and restarted versions are very efficient for matrices A with a single cluster of eigenvalues, but not very robust. Chin and Forsyth [11] compare GMRES with BiCGSTAB. For complex matrices a very elaborate comparison between complex generalized CG and complex BCG-based methods is given by Joly and Meurant [32].

The CG methods based on the solution of the normal equations, CGNR-ATPRES and CGNE, can be formulated with a short recurrence. Thus they have both advantages: a minimization property in the Euclidean norm, see (126) and (133), and limited requirements for computer resources. However, the eigenvalues of A^T A can be more scattered than those of the original system matrix A. Then the convergence can be rather slow. Theoretically the methods converge always. Thus they are very robust but not very efficient.

For the error-minimizing methods the storage and the computing requirements increase with the iteration. Thus GMERR has the same disadvantage as GMRES or ORTHORES. The advantage is that the error is minimized in the Euclidean norm. From the point of the minimization property the methods should be optimal. However, the minimization property is connected to the choice of the vectors q_{k−i,k}, see (140), i. e. the q_{k−i,k} cannot be freely chosen. Therefore, the convergence can be slower than the convergence of residual-minimizing CG. For symmetric matrices the convergence of the errors is comparable to the convergence of the GMRES errors, see [18]. For nonsymmetric matrices the speed of convergence is an open question.

R3-CKS can be implemented with a short recurrence. Very little is known about the convergence, except the minimization properties (120) and (121) involving a very strange norm. The potential of this method is that it can be combined with a stepdepending preconditioner that eliminates the step-depending norm. This will be the topic of further research.

The investigation of the convergence results has been mainly confined to estimates that depend on Krylov spaces and on particular norms. While the global quantitative speed of convergence is determined by the minimization space, the qualitative convergence is given by the norm. Any more detailed analysis would involve inner properties of the matrices as for example eigenvalue distributions or speudo-spectra. These properties are in general unknown for practical applications. Moreover, the knowledge of the minimization space and the minimization norm already gives an insight into the relations between the different methods. For example the similar behavior of the residual and error norms of BICO and QMR, known from practice [43, 57, 61], is confirmed by the same convergence estimates (93) and (108), (96) and (111). The difference between BCG and QMR is the underlying Lanczos process that affects only the norm. Thus the qualitative behavior of both methods is quite different, but it seems that they fit into the same class as regards the quantitative residual and error reduction; for numerical tests see [43] in this special issue. An excellent theoretical investigation for the pair BLanczos and BMinres is given by Cullum in this special issue [13] confirming that different norms affect only the qualitative behavior. However, the quality of the convergence is as important as the quantity in order to get a reliable approximation in each iteration step.

Some properties cannot yet be explained by the convergence results. For example, the fast convergence of BiCGSTAB cannot be readily identified from the estimates. Moreover, in order to obtain more efficient and robust methods spaces different to Krylov subspaces have to be investigated. The concept of orthogonalization methods covers all possible spaces, but the choice of better approximation spaces is an open question. Therefore, further research is necessary.

Acknowledgement.

I would like to thank the anonymous referee for his numerous and valuable suggestions.

REFERENCES

[1] S.F. Ashby, T.A. Manteuffel, and P.E. Saylor. A taxonomy for conjugate gradient methods.

SIAM J. Numer. Anal., 27(6):1542–1568, 1990.

[2] O. Axelsson. Iterative Solution Methods. Cambridge University Press, 1994. [3] O. Axelsson and G. Lindskog. On the rate of convergence of the preconditioned conjugate gradient method. Numer. Math., 48:499–523, 1986.

[4] R. Barret, M. Berry, T. Chan, J. Demmel, J. Donato, J. Dongarra, V. Eijkhout, R. Pozo, C. Romine, and H. van der Vorst. Templates for the Solution of Linear Systems: Building Blocks for Iterative Methods. SIAM, 1994.

[5] T. Barth and T. Manteuffel. Estimating the spectrum of A using the roots of the polynomials associated with the QMR iteration. SIAM J. Matrix. Anal., 1993. submitted to.

[6] T. Barth and T. Manteuffel. Variable metric conjugate gradient methods. In N. Natori and T. Nodera, editors, Advances in Numerical Methods for Large Sparse Sets of Linear Equations, No 10, Matrix Analysis and Parallel Computing, PCG ’94, pages 165–188. Keio University, Yokohama, Japan, 1994.

[7] C. Brezinski, M. Redivo-Zaglia, and H. Sadok. Avoiding breakdown and near-breakdown in Lanczos type algorithms. Numerical Algorithms, 1(3):261–284, 1991.

[8] C. Brezinski, M. Redivo-Zaglia, and H. Sadok. A breakdown-free Lanczos type algorithm for solving linear systems. Numer. Math., 63:29–38, 1992.

[9] C. Brezinski and H. Sadok. Avoiding breakdown in the CGS algorithm. Numerical Algorithms, 1(2):199–206, 1991.

[10] T.F. Chan and T. Szeto. Composite step product methods for solving nonsymmetric linear systems. UCLA CAM tech. report, University of California at Los Angeles, 1994.

[11] P. Chin and P. A. Forsyth. A comparison of GMRES and CGSTAB accelerations for incompressible Navier-Stokes problems. J. of Comp. and Appl. Math, 46:415–426, 1993.

[12] E.J. Craig. The n-step iteration procedures. Math. Phys. , 34:64–73, 1955. [13] J. Cullum. Peaks, plateaus, numerical instabilities in a Galerkin/minimal residual pair of methods for solving Ax=b. Appl. Numer. Math., 1995. Special Issue on Iterative Methods for Linear Equations, to appear.

[14] H.C. Elman. Iterative Methods for Large Sparse Nonsymmetric Systems of Linear Equations.

PhD thesis, Department of Computer Science, Yale University, 1982.

[15] V. Faber and T. A. Manteuffel. Orthogonal error methods. SIAM J. Numer. Anal., 24(1):170– 187, 1987.

[16] R. Fletcher. Conjugate gradient methods for indefinite systems. In G.A. Watson, editor, Proc.

Dundee Biennial Conf. on Num. Anal., pages 73–89. Springer-Verlag, 1975. [17] D.R. Fokkema, G.L.G. Sleijpen, and H.A. van der Vorst. Generalized conjugate gradient squared. Internal Report 851, University of Utrecht, 1994.

[18] R.W. Freund. On conjugate gradient type methods and polynomial preconditioners for a class of non-Hermitian matrices. Numer. Math., 57:285–312, 1990.

[19] R.W. Freund. A transpose-free quasi-minimal residual algorithm for non-Hermitian linear systems. SIAM J. Sci. Comput., 14(2):470–482, 1993.

[20] R.W. Freund, G.H. Golub, and N.M. Nachtigal. Iterative solution of linear systems. Acta Numerica, pages 57–100, 1992.

[21] R.W. Freund, M.H. Gutknecht, and N.M. Nachtigal. An implementation of the Look-Ahead Lanczos algorithm for non-Hermitian matrices. SIAM J. Sci. Comput., 14(1):137–158, 1993.

[22] R.W. Freund and N.M. Nachtigal. QMR: a quasi-minimal residual method for non-Hermitian linear systems. Numer. Math., 60:315–339, 1991.

[23] V.M. Fridman. The method of minimum iterations with minimum errors for a system of linear algebraic equations with a symmetrical matrix. USSR Comput. Math. and Math. Phys. , 2:362–363, 1963.

[24] G.H. Golub and D.P. O’Leary. Some history of the conjugate gradient and Lanczos algorithms:

1948-1976. SIAM Review, 31(1):50–102, 1989.

[25] A. Greenbaum and Z. Strakoš. Matrices that generate the same Krylov residual space. IMA Volumes in Math. and its Appl., 60:95–119, 1993.

[26] M.H. Gutknecht. Stationary and almost stationary (k,l)-step methods for linear and nonlinear systems of equations. Numer. Math., 56:179–213, 1989.

[27] M.H. Gutknecht. A completed theory of the unsymmetric Lanczos process and related algorithms, part 1. SIAM J. Matrix. Anal., 13(2):594–639, 1992.

[28] M.H. Gutknecht. Changing the norm in conjugate gradient type algorithms. SIAM J. Numer.

Anal., 30(1):40–56, 1993.

[29] M.H. Gutknecht. Variants of BiCGStab for matrices with complex spectrum. SIAM J. Sci.

Comput., 14:1020–1033, 1993.

[30] M.R. Hestenes and E. Stiefel. Methods of conjugate gradients for solving linear systems. J.

Res. Nat. Bur. Standards, 49:409–435, 1952.

[31] M. Hochbruck. Lanczos- und Krylov-Verfahren für nicht-Hermitische lineare Systeme. PhD thesis, Universität Karlsruhe, Germany, 1992.

[32] P. Joly and G. Meurant. Complex conjugate gradient methods. Recherche Scientifique 93006, Université Pierre et Marie Curie, Laboratoire d’Analyse Numérique, 4 place Jussieu, 75230 Paris Cedex 05, France, 1993.

[33] D.R. Kincaid and L.J. Hayes, editors. Iterative Methods for Large Linear Systems. Academic Press, Boston, San Diego, New York, Berkley, London, Sydney, Tokyo, Toronto, 1990.

[34] C. Lanczos. An iteration method for the solution of the eigenvalue problem of linear differential and integral operators. J. Res. Nat. Bur. Standards, 45:255–282, 1950.

[35] C. Lanczos. Solution of systems of linear equations by minimized iterations. J. Res. Nat. Bur.

Standards, 49:33–53, 1952.

[36] U. Meier Yang. Preconditioned conjugate gradient-like methods for nonsymmetric linear systems. Tech. Report CSRD 1210, University of Illinois at Urbana-Champaign, Center for Supercomputing Research and Development, 465 CSRL-1308 West Main Street, Urbana, IL 61801-2307, 1992.

[37] C.C. Paige and M.A. Saunders. Solution of sparse indefinite systems of linear equations. SIAM J. Numer. Anal., 12(4), 1975.

[38] B.N. Parlett, D. Taylor, and Z.S. Liu. A look-ahead Lanczos algorithm for unsymmetric matrices. Math. Comp., 44:105–124, 1985.

[39] M. Rozložník and Z. Strakoš. Variants of the residual minimizing Krylov space methods. Institute of Computer Science, Academy of Sciences of the Czech Republic, Pod vodárenskou věží2, 18207 Prague 8, Czech Republic, 1994.

[40] Y. Saad and M.H. Schultz. GMRES: A generalized minimal residual algorithm for solving nonsymmetric linear systems. SIAM J. Sci. Stat. Comp., 7(3):856–869, 1986.

[41] W. Schönauer. Scientific Computing on Vector Computers. North-Holland, Amsterdam, New York, Oxford, Tokyo, 1987.

[42] W. Schönauer, M. Schlichte, and R. Weiss. Wrong ways and promising ways towards robust and efficient iterative linear solvers. In Advances in Computer Methods for Partial Differential Equations VI, pages 7–14. Publ. IMACS, 1987.

[43] W. Schönauer and R. Weiss. An engineering approach to generalized conjugate gradient methods and beyond. Appl. Numer. Math., 1995. Special Issue on Iterative Methods for Linear Equations, to appear.

[44] G.L.G. Sleijpen and D.R. Fokkema. BiCGStab(l) for linear equations involving unsymmetric matrices with complex spectrum. Electronic Transactions on Numer. Anal. (ETNA), 1:11–32, 1993.

[45] G.L.G. Sleijpen and H.A. van der Vorst. Maintaining convergence properties of BiCGstab methods in finite precision arithmetic. Internal Report 861, University of Utrecht, 1994. to appear in Numerical Algorithms.

[46] G.L.G. Sleijpen, H.A. van der Vorst, and D.R. Fokkema. BiCGSTAB(l) and other hybrid Bi-CG methods. Numerical Algorithms, 7:75–109, 1994.

[47] P. Sonneveld. CGS, a fast Lanczos-type solver for nonsymmetric linear systems. SIAM J. Sci.

Stat. Comp., 10(1):36–52, 1989.

[48] J. Stoer and R.W. Freund. On the solution of large indefinite systems of linear equations by conjugate gradient algorithms. In Proceedings of the International Symposium on Computing Methods in Appl. Sc. and Engrg., Dec. 14.-18., Versailles, France, pages 35–53. North-Holland Pub. Comp., 1981.

[49] G. Temple. The general theory of relaxation methods applied to linear systems. Proc. Roy.

Soc. (London), A169(A939):476–500, 1939.

[50] H.A. van der Vorst. BI-CGSTAB: A fast and smoothly converging variant of BI-CG for the solution of nonsymmetric linear systems. SIAM J. Sci. Stat. Comput., 13(2):631–644, 1992.

[51] P.K.W. Vinsome. ORTHOMIN, an iterative method for solving sparse sets of simultaneous linear equations, paper SPE 5739. In Symp. Numer. Simulation of Reservoir Performance of SPE of AIME, 4th, Los Angeles, California, 1976.

[52] H.F. Walker. Implementations of the GMRES method. Computer Physics Communications, 53:311–320, 1989.

[53] R. Weiss. Convergence behavior of generalized conjugate gradient methods. Internal report 43/90, University of Karlsruhe, Computing Center, 1990.

[54] R. Weiss. Error-minimizing Krylov subspace methods. SIAM J. Sci. Comput., 15(3):511–527, 1994.

[55] R. Weiss. Minimization properties and short recurrences for Krylov subspace methods. Electronic Transactions on Numerical Analysis (ETNA), 2:57–75, 1994.

[56] R. Weiss. Orthogonalization methods. Internal report 52/94, University of Karlsruhe, Computing Center, 1994.

[57] R. Weiss. Relations between smoothing and QMR. Internal report 53/94, University of Karlsruhe, Computing Center, 1994.

[58] Q. Ye. A breakdown-free variation of the nonsymmetric Lanczos algorithms. Math. of Comput., 62(205):179–207, 1994.

[59] D.M. Young. Iterative Solution of Large linear Systems. Academic Press, New York, San Francisco, London, 1971.

[60] D.M. Young. A historical overview of iterative methods. Computer Physics Communications, 53:1–17, 1989.

[61] L. Zhou and H.F. Walker. Residual smoothing techniques for iterative methods. SIAM J. Sci.

Comput., 15(2):297–312, 1994.